The dynamics of nonlinear pulse propagation in an averaged dispersion-managed soliton system is governed by a variable coefficient nonlinear Schrödinger equation (NLSE). For a special set of parameters the variable coefficient NLSE is completely integrable. The same variable coefficient NLSE is also applicable to optical fiber systems with phase modulation or pulse compression. For such variable coefficient NLSE, solitary waves have been computed earlier in the literature either by the inverse scattering transform or the Bäcklund transformation. The Hirota bilinear method is shown to be applicable here too, and this modified format is employed to compute the exact bright and dark soliton solutions and the periodic waves solutions. The analysis is also extended to the coupled variable coefficient NLSEs. The validity of the new solutions is verified directly and independently by the software Mathematica.
Introduction
Nonlinear pulse propagation in a long-distance, high speed optical fiber transmission system can be described by the (perturbed) nonlinear Schrödinger equation (NLSE). NLSE includes linear dynamics due to group velocity dispersion of the pulse, and nonlinear mechanism due to the Kerr effect. 1 Much research efforts on the development of such a system have been made with the intention to overcome or control these effects. 2, 3 In this direction, recent numerical studies [4] [5] [6] and experiments 7 have shown that a periodic dispersion compensation seems to be the most effective way for improving the optical transmission system. The main purpose of dispersion management is to reduce several effects, such as radiation due to lumped amplifiers compensating the fiber loss, 8, 9 resonant four-wave mixing, 10, 11 modulational instability, 12 jitters caused by the collisions between signals, 13 and the Gordon-Haus effect resulting from the interaction with noise, 14 and also to decide a desired average value for the dispersion. 12 Basically, dispersion-management technique utilizes a transmission line with a periodic dispersion map, such that each period consists of two types of fiber, generally with different lengths and opposite group-velocity dispersion (GVD). 4 Lakoba has proved the nonintegrability of the system equation governing the pulse propagation in dispersion-managed (DM) fibers. 15 As analytical solution for DM solitons is not available, researchers have so far utilized the Lagrangian method to study the dynamics of DM solitons. 4 Very recently we have developed a complete collective variable theory for DM solitons which effectively includes the residual field due to soliton dressing and radiation. 16 Many works have reported on fitting a Hermite-Gaussian ansatz function for the oscillating tails of the numerical stationary solution (fixed point) of the DM solitons. 4, [17] [18] [19] From numerical studies 5, 6 of DM fiber line, the pulse is deformed from the ideal soliton, has a chirp and requires an enhanced power for the average dispersion. Meanwhile Kumar and Hasegawa 20 have obtained a new nonlinear pulse (quasisoliton) by programming the dispersion profile such that the wave equation has a combination of the usual quadratic potential and the linear potential.
Here in this paper, we consider the DM soliton equation averaged over one dispersion map.
The averaged DM soliton equation takes a particular form of variable coefficient nonlinear Schrödinger equation (NLSE). The same variable coefficient NLSE is applicable in optical fiber system with phase modulation or pulse compression. In plasma physics such variable coefficient NLSE also plays an important role. 21, 22 Some of the physically interesting variable coefficient NLSEs are also completely integrable. 23, 24 Both the inverse scattering transform and Bäcklund transform have been successfully employed to generate the exact soliton solutions for these variable coefficient, completely integrable NLSEs. [23] [24] [25] [26] [27] Periodic waves in single and coupled NLSE systems are of fundamental interests as well as of importance in applications, and the constant coefficient cases have been studied extensively in the literature. [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] Solutions can be expressed as a single, products or rational functions of elliptic functions. Furthermore, a generalized algorithm in terms of Lamè functions can be formulated. The goal here is to generate the bright and dark soliton solutions and the periodic wave solutions for the variable coefficient NLSE. To our knowledge for the first time in the literature, we derive the exact bright and dark soliton solutions and the periodic wave solutions for such kind of variable coefficient NLSE using the Hirota bilinear transformation, a simple but powerful method proven to be effective over the years.
Dispersion-managed optical fiber system equation
The NLSE which governs the dynamics of DM fiber system is given by
where u is the envelope of the axial electric field, d(z) is the periodically varying GVD parameter representing anomalous and normal dispersions and Γ is the loss/gain coefficient. We shall now derive the equation describing the averaged DM soliton. This kind of averaging the DM soliton system equation was already reported earlier. [39] [40] [41] This averaging helps to study the energy enhancement of DM solitons analytically 40 and also to study the large dispersion variations in DM fiber system. 41 We explicitly retain the loss/gain term in the NLSE, and are thereby extending earlier works. 27, 42 Because of the large variation in the GVD parameter in going from the normal dispersion fiber to the anomalous dispersion fiber and vice versa, there is a large variation in the quadratic phase chirp of the DM soliton within each dispersion map. Hence the DM soliton field can be written as
Inserting Eq. (2) into Eq. (1), we have
where the dot inĊ represents the derivative with respect to z. Now introduce a new coordinate t and the amplitude function a(z) such that
Then we have i ∂v ∂z + dp 2 2
with the equations for a(z), p(z), and C(z) as,
This transformation of NLSE (1) to NLSE (6) using change of variables was introduced earlier in the literature. 43 The above set of equations (7)- (9) are exactly the variational equations of the pulse parameters introduced in the transformations (2), (4) and (5) . These pulse parame-
ters are the amplitude, width and chirp of the DM soliton. 42 It is a known fact that a DM soliton will have a periodic evolution of these parameters after every dispersion map.
Now averaging Eq. (6) for one dispersion map, we get
where D 0 = dp 2 , γ 0 = α 2 p (α is an arbitrary constant), κ 0 = κ /2, A(z, t) is the leading order average of v(z, t) and Γ 0 is the small residual loss or gain in one dispersion map. In regular DM systems an amplifier at the end of each dispersion map will compensate for the total energy dissipated in that dispersion map. Here we consider the situation where the periodic amplification is not compensating for the loss exactly. One can regard there is either a small residual loss or gain in each dispersion map. This is a must for our study. The study on Eq. (10) is not restricted to the core of a DM soliton only, but also relevant to optical pulse propagating in uniform fiber system with loss/gain effect with quadratic phase chirp represented by the t 2 term. This finds application in pulse compression. Without the residual loss/gain term, Eq. (10) has been studied in different settings, 20, 44, 45 e.g., nonlinear
compression of chirped solitary waves 44 and quasi-soliton propagation in DM optical fiber. 20 With the loss/gain term, the special case of Eq. (10) 
The plus and minus signs (±), represent the anomalous and normal dispersion regimes respectively which support bright and dark soliton pulse propagation. In the variable coefficient NLSE (11), one can see that the coefficients of the quadratic phase chirp term and the loss/gain term are related to the same parameter β. This relationship is a must for the complete integrability of Eq. (10) as shown through the Painlevé analysis. 48 This is the reason why we need a residual gain or loss factor in the averaged DM soliton system, in contrast to the usual DM fiber system where the periodic amplification exactly compensates for the fiber loss in the respective span. Note that with respect to the sign of the parameter β the averaged DM fiber system can either have a dissipating (β > 0) or amplifying (β < 0) effect.
The Hirota bilinear method and soliton solutions
Basically one separates an exponential factor due to the chirp, and employs a space dependent wave number and frequency in the expansion, or more concisely,
The bilinear equations are then
where C might actually be a function of z in the dark soliton case. D is the Hirota bilinear operator. [49] [50] [51] One now introduces space dependent wave numbers in the search for solitary waves:
Algebraic manipulations then yield (r = a constant)
Equations (14) and (15) 
Bright soliton solutions
To arrive at a more familiar form, one first rewrites the bright 1-soliton from Eqs. (14) and (15) as
where
Here p 1 and η (0) are complex constants. Figure 1 shows the evolution of the bright single soliton solution (16) for the parameters β = 0.05 and p 1 = 1 + i.
The trajectory of the center of mass of the soliton is given by (for η (0) = 0) 
where 
Here p 1 , p 2 , ζ
1 , and ζ
2 are complex parameters. The way in which the 2-soliton propagates will depend on the wavenumbers. Figure 3 shows the evolution of the bright two-soliton solution (19) for the parameters β = 0.05, p 1 = 1 + i and p 2 = 2 + 3i.
Dark soliton solutions
Similarly, standard expansion techniques for dark solitons and algebraic manipulations lead to the dark 1-soliton for (11) with minus sign:
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where ρ, K, p 1 , ξ (0) and φ (0) are real constants.
For the case p 1 = ±2ρ, the solution reduces to a black dark soliton (minimum intensity being zero).
The dark soliton decays both in the background intensity and in the soliton peak intensity. Figure 4 shows the evolution of the dark single soliton solution (20) for the parameters ρ = 1, β = 0.05, k = 1 and p 1 = 1.9.
The dark 2-soliton is
.
1 , and Φ
2 are real constants. Arg and ℑ are the arguments and imaginary part of a complex number respectively. 
Periodic wave solutions
The idea described in the previous section can generate a variety of solutions for Eqs. (11) .
The goal here is to exploit this idea to compute periodic solutions for single component and coupled NLSE systems. Instead of exponential functions, one now employs ellliptic and theta functions. 52, 53 The Hirota derivatives of theta functions are treated by identities as described by earlier works, 33 and for completeness, very briefly in the Appendix . The time dependent wave numbers satisfy auxiliary conditions similar to the solitary waves case. Calculations along this line of reasoning now lead to two periodic waves for (11) with '+':
k being the modulus of the elliptic function and,
A periodic wave for (11) with '-' is
For solutions (22) , (23) and (24) we have verified directly and independently that they satisfy Eqs. (11) by the software Mathematica. Figures 6, 7 and 8 show the evolution of the periodic solutions (22) , (23) and (24) respectively for the parameters β = 0.05, r = 1 and k = 0.7. 
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Long wave limit and dynamics of solitons
The long wave limit (k → 1, cn, dn → sech, sn → tanh) of the solutions (22) and (23) produces the bright solitary wave for Eq. (11) with '+':
The corresponding limit for the solution (24) yields the black dark soliton (one with minimum intensity being zero):
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The situation is more subtle than these simple limits suggest, as there are several possible modes of one-soliton dynamics. The bright and dark soliton solutions reported in subsections 3.1 and 3.2 possess richer dynamics than those described by the long wave limit solutions (25) and (26) . This leads us to suspect that more complicated periodic solutions, possibly involving theta functions of genus two or higher, might be involved in the limit to solitary waves.
Coupled variable coefficient NLSE
To illustrate that the same principle applies to coupled waveguides, we focus on the bright soliton case only, 23, 54
where σ is the nonlinear cross-coupling parameter. In most practical cases in optical fibers the condition σ = 1 is very important. Hence in this study we consider both the cases where σ = 1 (Eqs. (27a,27b) integrable) and σ = 1 (nonintegrable).
Case I: Arbitrary σ and for the choice of a single elliptic function, one solution is:
Case II: When σ = 1 and for the choice of product of elliptic functions, one solution is
Many solutions similar to those found for the constant coefficient case [28] [29] [30] [31] [32] [33] [34] [35] [36] can probably be calculated, but will be omitted here.
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Case III: Arbitrary σ and for the choice of product of elliptic functions, a solution is
, where
Conclusions
Variable coefficient NLSEs and other nonlinear evolution equations possess important applications in various physical systems. So far in the literature the inverse scattering transform, the Bäcklund transformation, and some ansatz methods have been used to find the exact soliton solutions. Here we have considered an important variable coefiicient NLSE equation applicable to nonlinear fiber optics and plasma physics. Our contribution is to employ the Hirota bilinear method for both the periodic wave solutions and the soliton solutions. We have also extended the analysis to coupled, variable coefficient NLSEs, in both the integrable and nonintegrable regimes. Hence we believe that the Hirota bilinear method, which is one of the efficient methods in nonlinear wave theory, can be effectively applied to the case of variable coefficient nonlinear evolution equations as well. 
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Appendix: The theta-functions identities
The theta functions θ n (x), n = 1,2,3,4, are defined as Fourier series with exponentially decaying coefficients: (−1) n q n 2 cos (2nx) , 0 < q < 1.
The elliptic functions are defined as ratios of the theta functions, e.g.,
. .
From theta functions identities like
Thus Hirota derivatives of theta functions are expressed in terms of theta functions themselves. 55, 56 This reasoning is readily extended to other Hirota derivatives and functions with time dependent wave number as arguments.
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